Despite remarkable advances in characterization techniques of functional materials yielding an ever growing amount of data, the interplay between the physical and chemical phenomena underpinning materials' functionalities is still often poorly understood. Dimensional reduction techniques have been used to tackle the challenge of understanding materials' behavior, leveraging the very large amount of data available. Here, we present a method for applying physical and chemical constraints to dimensional reduction analysis, through dimensional stacking. Compared to traditional, uncorrelated techniques, this approach enables a direct and simultaneous assessment of behaviors across all measurement parameters, through stacking of data along specific dimensions as required by physical or chemical correlations. The proposed method is applied to the nanoscale electromechanical relaxation response in (1 − x)PMN-xPT solid solutions, enabling a direct comparison of electric field-and chemical composition-dependent contributors. A poling-like, and a relaxation-like behavior with a domain glass state are identified, and their evolution is tracked across the phase diagram. The proposed dimensional stacking technique, guided by the knowledge of the underlying physics of correlated systems, is valid for the analysis of any multidimensional dataset, opening a spectrum of possibilities for multidisciplinary use. 
INTRODUCTION
Functional materials have been at the core of exponential advances in technology over the last century, in wearable electronics, [1] [2] [3] batteries, 4 ,5 optoelectronic systems, 6, 7 and various microelectronic devices, 8, 9 among others. However, the development of new functional materials has often hinged on trial-anderror based chemical doping of preexisting chemistries, as opposed to deliberate and informed design. Such an approach has often stemmed from an incomplete understanding of the physical and chemical interplay resulting in the functional response at the micron and submicron length scales.
An excellent example is offered by relaxor-ferroelectric single crystals that exhibit exceptionally large piezoelectric coefficients at the morphotropic phase boundary (MPB), when cut and poled along specific crystallographic directions. 10 One such material, (1 − x)Pb(Mg 1/3 Nb 2/3 )O 3 − xPbTiO 3 or (1 − x)PMN-xPT, has been of particular interest for acoustic transduction applications, such as underwater sonars and medical ultrasound devices. 11, 12 Starting from a pure relaxor at x = 0, and by creation of a solid solution with the ferroelectric end-member (PbTiO 3 ), the material exhibits an evolution of the electromechanical properties, through an MPB at x ≈ 31-35%. 13 While still under debate, the origin of the remarkable piezoelectric response has been ascribed to several contributors, including the presence of the relaxor end-member, large shear piezoelectric response, 14 structural heterogeneities 15 that can contribute to the electrical and mechanical field induced phase transitions, 16 and ergodic and nonergodic polar and chemical nanoregions (PNR and CNR). 17, 18 Hence, since their discovery two decades ago, this limited understanding of the nanoscale chemophysical interactions resulting in the enhanced functionalities has also limited further development of new compositions to chemical doping. [19] [20] [21] [22] With the advent of characterization techniques that allow in situ and operando observations of the materials at these length scales, it has finally become possible to tackle some of the most challenging questions about the origin of the functional response in materials with complex chemistry. For instance, advances in high-resolution transmission electron microscopy (TEM) have enabled investigation of the structure and properties of relaxorferroelectrics and lead-free ceramics under the influence of mechanical stress, 23, 24 electric field, 25, 26 or temperature. 27 One such study 25 identified a co-dependence between applied electrical and mechanical fields, ferroelastic nanodomains, and the coercive fields of ferroelectric domains in PMN-0.36PT single crystals. Others have reported application of in situ TEM characterizations for investigation of reversible and irreversible ferroelectric domain switching induced by mechanical stress. 23, 24 In addition, piezoresponse force microscopy (PFM) has been used to study the local electromechanical response at the nanoscale in relaxor-ferroelectrics [28] [29] [30] [31] [32] -exploring both the role of the applied electric field on the switching behavior and polarization dynamics, 33, 34 as well as the temperature dependence of domain structures 35 and mesoscale phase transitions. 36 Data generated through these methods is often of large complexity, and thus allows limited insight from direct inspection and traditional statistical analysis. The recent developments for application of big data analytics techniques to materials science have offered a path forward, providing a powerful new approach to handle and analyze the information. Specifically, dimensional reduction (DR) and machine-learning (ML) techniques have been hailed as a groundbreaking paradigm in materials science, 37 and used to identify superimposed physical and chemical contributors to functional behavior within multidimensional datasets in fields as diverse as multiferroics, 38, 39 superconductors, 40 oxide interfaces, 41 and electromechanically active materials. [42] [43] [44] [45] However, while these techniques hold significant promise to revolutionize our understanding of the fundamental material science and guide future design of materials, they are inherently limited by a lack of means to impose physical or chemical constraints to the analysis. 46 In particular, conventional DR analysis on high dimensional datasets is often performed through creation of two-dimensional data slices, where only one single parameter is changed within the slice.
In this work, an approach to encode meaningful chemical and physical boundary conditions in ML and DR analysis of multidimensional datasets is formally presented. While the conventional DR approach employs independent analysis of data slices, here we stack, or concatenate, the slices along appropriate dimensions (axes), before DR is applied. Physical and chemical constraints are thus implicitly imposed as correlation across parameters used for stacking of data slices. Compared to other techniques, such as averaging, the proposed approach offers a quantitative and lossless comparison of behaviors (eigenvectors) across measurement parameters. Its versatility and ease-of-use are demonstrated through the analysis of the electromechanical response in (1 − x)PMN-xPT solid solutions as a function of electric field and composition, revealing the evolution and interplay of the mechanisms underpinning the observed local functionality.
RESULTS AND DISCUSSION

Relaxation
The local electromechanical response of 001-cut pure relaxor PMN, near-MPB PMN-0.36PT and relaxor ferroelectric PMN-0.40PT single crystals was probed by band excitation PFM (BE-PFM) in order to investigate the evolution of the piezoresponse amplitude as a function of time, voltage, and composition across the phase diagram. A 50 × 50 grid (2500 different locations) were probed by BE-PFM for each composition over a 2 μm × 2 μm sample area. Each measurement was made with application of a pulse train of alternating polarity and increasing voltage pulses, spanning below and above the coercive voltage. The time-dependent relaxation of the electromechanical response was measured at the trailing edge of each voltage pulse. This measurement approach is illustrated in Fig. S1 in the Supplementary Information.
The complete experiment resulted in a five-dimensional dataset D(t, x, y, p v , p c ) of over a million individual data points, as a function of time t, the two spatial dimensions x,y describing the sampled areas, applied voltage p v , and composition p c . Henceforth, the two spatial dimensions are reduced to a single location identifier (i.e., z = [x, y]) for ease of handling. In the past, such datasets have been analyzed with conventional DR by slicing the data into voltage datasets for each composition, D pv ;pc ðt; zÞ, and analyzing the two-dimensional slices independently. [42] [43] [44] [45] Fig. 1a for each voltage. Two fundamentally different behaviors are observed, correlated with the voltage polarity: for positive voltages, the piezoresponse increases over time; for negative voltages, it decays over time.
Based on their similarity with existing processes in ferroelectric materials, the decay and increase will henceforth be referred to as relaxation and poling, respectively.
A comparison of the averaged response across all voltages and compositions ( Fig. S3 in the Supplementary Information), shows that the poling behavior is observed almost exclusively in the pure relaxor end member. Such relaxation and poling behaviors in relaxor-ferroelectric systems have been previously analyzed through a stretched exponential decay, or Kohlrausch-William-Watts (KWW) function,
where A 0 is the response at saturation, R 0 is the amplitude of the change over time, τ is the characteristic time constant, and β is the stretch exponential, describing the width of the time constant distribution. 43 When β → 0, the time constant distribution is the widest, and when β → 1, the τ distribution is the tightest, with a simple exponential decay at the limit of β = 1. The KWW functional has been successfully applied to many out-ofequilibrium systems, with an anticorrelation between the disorder and β. 47, 48 The fitting coefficients for a KWW analysis of the averaged piezoresponse over time for each composition and voltage are reported in Figs S4-S9 in the Supplementary Information (Figs S4 and S5 plot PMN's response to positive and negative applied voltages, respectively, Figs S6 and S7 plot PMN-0.36PT's response to positive and negative applied voltages, respectively; and Figs S8 and S9 plot PMN-0.40PT's response to positive and negative applied voltages, respectively). However, while such an approach benefits from the reduced statistical noise due to spatial averaging, it results in a loss of any spatial information and therefore possible local chemical heterogeneities.
In order to retain the spatial information, KWW fitting can be performed individually for all of the probed points for each sample, albeit with greater error margins. The distribution of select KWW coefficients, samples, and at specific applied voltages are shown in Fig. 1b . The observed bimodal distributions-e.g., in the R 0 coefficients for the V þ 4 voltage of PMN-0.40PT-highlight the presence of more than one relaxation behavior for a single voltage. The coexistence of differing contributors to the response is obviously lacking in the information provided by averaging. Furthermore, while both the averaged response and the statistical distributions identify the presence of different fundamental behaviors across compositions and voltages, they also fail to identify direct quantitative commonalities and/or any spatial correlation. This fundamental limitation can be resolved through use of data analytics techniques and specifically DR approaches.
Dimensional reduction Dimensional reduction applies nonlinear statistical and algebraic methods to the input dataset D in order to extract a basis that describes it in a user-specified number, N, of eigenvectors (also called components), ε i , and their associated weights (also called loading maps or mixing matrices), w i , yielding:
with a residual error that will depend on the dataset quality, method used, convergence criterion, and N. In the ideal case, once this decomposition has been successfully performed, ε i will describe specific fundamental behaviors (physical and/or chemical), and their relative abundance at different spatial points over the sample areas will correspond to w i . As discussed, it is possible to apply the DR methods to the fourdimensional relaxation dataset D(t, z, p v , p c ). As the probed physical quantities are time-dependent, the resulting behaviors (or components) will have to be expressed as a function of time, ε i (t). Similarly, the weights should depend on space, w i (z), enabling their representation as spatial weight maps for simple visual inspection of the relative contribution of the resulting behaviors to the response over the probed area. This is illustrated in Fig. 2a . Therefore, the data are divided into two-dimensional slices of individual voltage and composition combinations to be analyzed independently, i.e., 
Equation (3) expresses in its simplest form a conventional DR approach for the acquired relaxation dataset, resulting in a total of N × 10p v × 3p c = 30 × N components with a corresponding weight map for each component. The conventional approach is illustrated by the top arrow in Fig. 2b . Fig. 2 Illustrations of a the desired outcome of dimensional reduction for a generic dataset dependent on space and time, b the various approaches to dimensional reduction on the D(t, z, p v , p c ) dataset, and c the voltage-and composition-stacked data. In general, the goal in this work is to identify time-dependent fundamental behaviors and spatial weightings of those behaviors. This is complicated by the inclusion of additional measurement parameters, p v and p c . b The dataset can be sliced into subsets and analyzed independently (top arrow), as is done conventionally. Alternatively, dimensional stacking can be performed along the spatial or temporal axis (middle and bottom arrows, respectively). c Dimensional stacking can be extended to both the p v and p c parameters. Here, the composition parameter (p c ) is spatially stacked and the voltage parameter (p v ) is temporally stacked
For the analysis, the number of components N = 2, was selected to account for the bimodal behavior evidenced in the previous statistical analysis. Nonnegative matrix factorization (NMF) was chosen as the specific method of DR. NMF is well suited to this work, as the component/weight pairs that it produces are strictly nonnegative-reflecting the inherent additive behavior of the data, and thus enabling a clear separation of relaxation and poling behaviors. Figure 3 depicts the resulting first and second components and their respective weight maps for all samples at a single selected
is the negative coercive voltage identified through initial piezoresponse force switching spectroscopy measurements for each sample), and the red lines represent the KWW fit to each curve. It is worth noting that NMF identifies a co-presence of poling and relaxation behavior in the PMN sample, whereas the average response in Fig. 1a showed only a relaxation for PMN in response to negative voltages (V À i ). Such a behavior can either come from a discrete physical process or from over-parametrization due to the number of components N being too large. Subsequent KWW analysis was performed on each extracted component ε i to quantitatively compare the response contributors across the compositions. The fitting parameters are reported in Tables S1 and S2 in the Supplementary Information. The specific value of the time-dependent piezoresponse of the relaxor end member PMN in Fig. 3a corresponds to a simple exponential decay (β = 1) for both components. This behavior substantially changes with the addition of the ferroelectric PbTiO 3 end-member to the solid solution. For both PMN-0.36PT and PMN-0.40PT, illustrated in Fig. 3b, c , respectively, the β exponents range from 0.50 to 0.63, suggesting wide decay time distributions. It is noteworthy that such stretch exponents are characteristic of domain glasses. 49, 50 Additional inspection shows that both PMN in Fig. 3a and PMN-0.36PT in Fig. 3b exhibit poling behavior in the NMF analysis. However, each of the 30 × N component-weight pairs (3 compositions, 10 voltages) is independently generated, disregarding any p v (voltage), or p c (composition) correlation. Therefore, even simple comparison of results across different voltages and/or compositions is made impossible by lack of common behaviors: due to the pair-wise nature of the DR (weight map and its corresponding component), a direct comparison between two or more ε i is hindered by "scaling" through the corresponding ω i . While indirect comparison by proxy is possible through fitting of individual components to a physical model, this intrinsic limitation hinders more advanced analysis of correlations. In brief, conventional DR provides a behavioral-spatial correlation lacking in traditional statistical analysis, but a method for analyzing the data as a whole is necessary for correlation across all parameters.
Dimensional stacking Quantitative comparative analysis of the entire dataset can be achieved through dimensional stacking prior to DR. Dimensional stacking is performed by concatenating the D pv ;pc ðt; zÞ slices prior to analysis, as shown previously. 43 Such data-slice concatenations can be realized if the material is known to exhibit correlative behavior across the physical or chemical parameters involved. Here, we formally define dimensional stacking and demonstrate how the constraints are imposed and affect the subsequent interpretation of the resulting eigenvectors and weight maps.
To demonstrate the proposed method, we consider PMN-0.36PT: the choice of a single composition translates into selection of the data slice with p c = 2, i.e., D pv ;pc¼2 ðt; zÞ. The p v slices in this dataset can be concatenated into a single dataset by stacking them along either the temporal or the spatial dimension, as illustrated by the middle and bottom arrows of Fig. 2b , respectively. This approach inherently imposes constraints to the DR analysis: concatenation of datasets along the temporal dimension will impose a spatial constraint, and concatenation along the spatial dimension will impose a temporal correlation. For instance, let's consider concatenation of p v slices along the time dimension (middle arrow of Fig. 2b 
Dimensional reduction analysis of this dataset results in the eigenvectors inheriting a p v dependence. Thus, the material's response is collectively derived as a series of concatenated p v behaviors:
Such a concatenation implies that at every location the material responds in a correlated way to the train of voltages (p v = 1 to 10) seen over time (i.e., the electromechanical response of the material is correlated at sub-and super-coercive probing voltages). This physical correlation would seem not only possible, but indeed logical, as fundamental contributors to the observed piezoresponse (e.g., nonlinear, ferroelectric behavior, and charge injection) are all expected to show specific electric fielddependent behaviors. Figure 4a shows the results of the p v dimensional stacking along the time dimension for the two-component NMF analysis of PMN-0.36PT: the time-dependent components, ε i , now encode the voltage dependence alongside the time evolution thereof. Component 1, ε 1 shows only relaxation across all voltages with an increasing baseline and amplitude. However, the second component ε 2 shows relaxation at negative applied voltages and higher positive voltages only, with poling being present at lower positive voltages. In addition, while the first component's relaxation behavior tends to saturate as voltage magnitude increases (at both positive and negative polarity), the second component's response is far from saturation and grows continuously over the voltage range studied. Lastly, we note that the weight maps differ from those shown in Fig.  3 for the same composition, as the new results encompass spatial correlation of the behaviors across all voltages.
Alternatively, we can consider a concatenation of p v slices along the spatial dimension (bottom arrow of Fig. 2b 
Hence, the DR analysis is constrained to consider that the response of the material to all voltages is temporally correlated. This implies that a single physical behavior (eigenvector) underlies all the voltages, and can develop differently across the sampled area at each applied voltage. Here, the weight maps inherit the p v dependence, i.e., the eigenvectors are voltage-independent, but a weight map is generated for each p v value. Figure 4b shows the results of the p v dimensional stacking along the spatial dimension for the two-component NMF analysis of PMN-0.36PT. Similar to the conventional DR approach above (Fig. 3) , component 1 and component 2 (ε 1 and ε 2 ) show relaxation and poling, respectively. The weight maps (shown for the first three positive voltages) depict an expansion of the areas with highcontributing component 1 (relaxation) at increasing voltage magnitude, accompanied by a contraction of the areas where component 2 (poling) is contributing. Note that the ε 1 and ε 2 in Fig. 4 are presented with y-axis values in Figs S10 and S11 in the Supplementary Information.
In order to further identify behaviors associated with the presence of relaxor PMN and ferroelectric PbTiO 3 end members, it is also possible to apply dimensional stacking to the composition parameter. Specifically, in our case, composition-dimensional stacking was performed along the spatial dimension in order to obtain weight maps with an inherited chemical compositiondependence. Such a dimensional stacking imposes a behavioral constraint across the phase diagram in the solid solution. In addition, combining chemical composition stacking with voltage stacking along the time dimension allows us to explore the evolution of the physical processes not only as a function of voltage but also across different compositions. The combined chemical and physical dimensional stacking dataset results in a single matrix (illustrated in Fig. 2c) (9) Figure 5 shows the results of a two-component NMF analysis of the combined voltage-and composition-stacked dataset. Component 1, ε 1 , shows strong relaxation behavior at all voltages, somewhat tending to saturate at increasing applied voltage amplitudes. This component is notably strong in the PMN-0.36PT and PMN-0.40PT compositions and significantly absent in the pure relaxor. Conversely, the second component (ε 2 ), with strong poling at V þ i and weak relaxation at V À i , is observed throughout the phase diagram, at varying intensities. Furthermore, this component is reminiscent of the averaged response of PMN shown in Fig. 1a , in that it shows poling in response to positive voltages. These components are shown with y-axis values in Fig. S12 in the Supplementary Information.
Quantitative information can also be extracted from the components by fitting the individual behaviors to the KWW function. The resulting coefficients are plotted in Fig. 6 . For ease of fitting, the responses to the highest positive voltages of the second component were considered as pure poling, ignoring the first three experimental data points for each curve. The error bars (representing confidence intervals) are subsequently larger for these data points, indicating a possible contribution from yet a third mechanism. The second component's response to the first negative voltage was not fitted as it showed no time dependence. A comparison of the different methods used to analyze the multivariate data highlights the advantages and disadvantages associated with each. Averaging and statistical distribution analysis successfully identified the presence of at least two distinct contributors, but could not directly identify these behaviors. Application of conventional DR allowed for identification of behaviors and the respective spatial mapping thereof. However, this approach could not easily provide quantitative comparisons across all the parameters, precluding correlative analysis. P v dimensional stacking for a single composition enabled such a comparison. Stacking along the time dimension (Fig. 4a ) generated unique voltage-correlated behaviors, while stacking along the spatial dimension tracked the evolution of shared behaviors with increasing voltage magnitudes (Fig. 4b) . Lastly, the combined voltage-and composition-stacked DR produced a quantitative correlation of piezoresponse evolution across the sampled areas, as a function of applied voltages and probed chemical compositions.
Furthermore, regardless of the analysis method, a poling-like behavior was observed, most strongly correlated with the relaxor end member, PMN. Referring back to Fig. 3 , the weight maps for the two components (relaxation and poling) are very similar, while the actual components tend to reproduce almost symmetric local trends. Consistently with the voltage-and composition-stacked analysis shown in Fig. 5 , it is clear that only a single behavior is present in the pure PMN sample: relaxation in response to negative applied voltages and poling-like response to positive applied voltages. Hence, this behavior can be considered an indisputable signature of the relaxor end member, and indeed persists even at ferroelectric addition to the solid solution. We note that these results are consistent with previous work finding that the relaxor-type behavior persists into compositions with substantial ferroelectric content, i.e., as high as PMN-0.5PT. 51 In addition, the dimensional stacking analysis clearly shows that two factors correlate with the appearance of a relaxationdominated behavior: namely, introduction of the ferroelectric end member and applied field magnitude. As demonstrated in component 1 of Fig. 5 , a strong relaxation in the piezoresponse, reminiscent of typical ferroelectric relaxation, is observed with introduction of the ferroelectric end member. Such relaxation saturates with increasing magnitude of the applied voltage, at values well above the V ± C . The weight maps in Fig. 4b depict an enhancement in the relaxation behavior and a decrease in the poling behavior when the voltage magnitude is increased.
Finally, it should be noted that relaxations with β values approximately equal to 0.6 have been associated with domain . 4a ). These slices are subsequently composition-stacked along the spatial axis, resulting in the weight maps inheriting the p c dependence (similar to Fig. 4b) . The red lines represent the KWW fitting to each curve glasses, 49, 50 or domains with glassy properties. In general, glasslike behavior is associated with complex nonequilibrium states of matter with strong disorder. 52 However, the disorder is often associated with lack of structural organization. In comparison, here glassy behavior is observed in bulk single crystals, where the disorder is observed for the functional (i.e., physical) response of the material, as a direct result of local chemical and polar heterogeneities. In fact, the glassy domain behavior is persistently observed when a ferroelectric solid solution is created with the relaxor end member. Although glassy behavior, i.e., dipolar-and spin-glass behavior, has been reported extensively in literature for relaxor materials, such reports have been limited to either pure relaxor (e.g., PMN) or relaxor-ferroelectric solid solutions with small ferroelectric content. 53 Here, the dimensional stacking analytic techniques highlight specifically that the domain glass behavior can be observed throughout the phase diagram, again consistent with literature. 51 Further, this domain glass behavior is a strong signature of the relaxor-ferroelectric solid solutions, as well as perceivably of the very large enhancement in electromechanical response observed in these materials.
In summary, a method for applying physical and chemical constraints to ML techniques is presented. Through informed use of dimensional stacking, meaningful chemical and physical characteristics from multidimensional datasets can be extracted. Thanks to its intrinsically correlative nature, this method outperforms conventional DR and statistical techniques that are limited by information loss or lack direct comparability.
To demonstrate the dimensional stacking approach, nanoscale investigations of electromechanical relaxation of (1 − x)PMN-xPT relaxor-ferroelectrics across the phase diagram (x = 0, 0.36, 0.4) were performed. Specifically, simple statistical analysis, conventional DR, and finally dimensional stacking techniques were leveraged to identify the multiple contributors to the observed electromechanical response at different ferroelectric end member contents. All approaches identified both poling and relaxation contributors to the response, at least in some compositions. However, only the dimensional stacking technique enabled a direct and quantitative comparison of the evolution of the different contributors across the phase diagram. Specifically, a poling behavior-signature of the presence of a relaxor component-was observed in all compositions. In addition, the existence of a domain glass state was also identified in all the compositions containing the ferroelectric end member.
The dimensional stacking technique is valid for the correlated analysis of any multidimensional dataset, in a wide range of fields. It should prove of particular interest for the analysis of the functional response of all materials of complex compositions, as well as design of new functional materials.
METHODS
Local relaxation of electromechanical response of (1 − x)Pb(Mg 1/3 Nb 2/3 )O 3 − xPbTiO 3 single crystals has been studied by BE-PFM, following the procedure previously reported in ref. 43 The BE-PFM was performed on an Asylum Research Cypher S, in ambient conditions. The tips used were metalcoated Budget Sensors (k ≈ 1 N/m) with a free in-air resonance of ≈75 kHz. The measurements were performed over a 50 × 50 points grid, covering a 2 μm × 2 μm area. At each point, a BE-PFM waveform was overlaid with a voltage, and applied to the tip. The evolution of the piezoresponse was probed both as a function of time up to 0.9 s in time steps of 0.025 s, and perturbation voltage. The specific time, voltage and compositiondependent response D pv ;pc ðt; zÞ was measured out-of-field, after the application of each of the ten alternating increasing positive and negative voltages, equal to and above the coercive voltage.
The measurements were repeated for the three compositions studied in this work, 001-cut PMN, PMN-0.36PT, and PMN-0.40PT. The single crystals of PMN-xPT have been grown by the Bridgman method, and the specific compositions were chosen to represent the phase diagram of PMN-xPT: a pure relaxor, a composition near the MPB, and lastly with a large ferroelectric content.
Dimensional stacking and Big Data analytics were implemented in a Jupyter notebook, using the Python programming language. The standard open source ML and dimensionality reduction libraries were used for the analysis.
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